Abstract The harmony of an orchestra emerges from the individual effort of musicians towards mutual synchronization of their tempi. When the orchestra is split between two concert halls communicating via Internet, a time delay is imposed which might hinder synchronization. We present this type of system as two interconnected networks of oscillators with a time delay and analyze its dynamics as a function of the couplings and communication lag. We describe a breathing synchronization regime, namely, for a wide range of parameters, two groups emerge in the orchestra within the same concert hall playing at different tempi. Each group has a mirror in the other hall, one group is in phase and the other in anti-phase with their mirrors. For strong couplings, a phase shift between halls might occur. The implications of our findings on other interconnected systems are also discussed.
a successful performance. When isolated, each sub-orchestra would naturally play in unison. However, in our model orchestra, when listening to the musicians in the other sub-orchestra, the musicians in the same hall can split into two groups, playing with different tempi, leading to breathing synchronization. Interestingly, the partner in the other hall will be always playing with the same tempo but either in phase or anti-phase, depending on their tempo.
Understanding the consequences of a communication lag is also of major concern in other fields [13, 7, 16] . The plasmodium Physarum polycephalum, an amoebalike organism consisting of a network of tubular structures for protoplasm flow, naturally shows periodic variations in its thickness, a useful skill when fighting predators. In a controlled experiment, two regions of the same organism have been physically separated by a certain distance with the possibility of fine tuning the communication between them [32, 33] . Depending on the coupling strength and time delay, the regions have been shown to present phase and anti-phase synchronization of the oscillatory thickness. This is precisely what we show here for the orchestra in the regime of strong influence of other musicians in the same concert hall. In what follows, we focus on the example of the orchestra but the results might also have impact on several biological and techno-social systems as, for example, functional brain networks, living oscillators, or coupled power grids. For a more general discussion of these findings see Ref. [21] .
When playing the same piece, musicians in an orchestra try to synchronize their tempi, i.e., they try to play the notes at the same pace. Thus, for example, one violinist focuses simultaneously on the tempi of instruments in the same hall and on the corresponding violin in the other hall. All the other musicians act in the same way. The synchronizability of this setup can then be discussed in the framework of interdependent networks of oscillators. Each concert hall is modeled by a network, where nodes are musicians and links represent the interaction between them. Additionally, each musician also establishes a special inter-network coupling with one partner playing the same instrument in the other network (concert hall). Intra-and inter-network couplings have different time scales: while the intra-network interactions can be considered instantaneous, the inter-network ones have a time delay that depends on the distance between concert halls. Recent geometrical studies of coupled networks with intra-and inter-network links have revealed novel features never observed for isolated networks [14] . In particular, it has been shown that the overall robustness is reduced [28] and the collapse of the system occurs through large cascades of failures [9, 8] . Dynamic properties of coupled networks have also been studied [19, 35, 30, 23, 2, 10, 15] .
The Kuramoto model is a usual approach to network synchronization [17, 25, 6, 34, 27, 31, 18, 22, 24, 1, 26, 3, 5, 4, 20] . For illustration purposes, here we stay with the example of an orchestra. A population Θ of n Kuramoto oscillators is considered to be mutually interacting, such as the musicians in one concert hall trying to keep the same tempo. We consider a random graph of average degree four. Each musician (oscillator) i ∈ Θ is described by a phase θ i (t), representing her/his current position, and a natural tempo ω i , corresponding to the pre-defined tempo of the music. Since all musicians are playing the same piece, we assume ω i ≡ ω 0 . The actual tempo of a musician is defined as the time derivative of the phase,θ i (t). To play the piece harmoniously, musicians try to synchronize their tempi. This interaction can be modeled in terms of the Kuramoto model
, where the sum goes over all other musicians (i = j), σ is the coupling strength between them, and A θ is the connectivity matrix such that A Θ i j = 1 if musician i is influenced by j and zero otherwise. For simplicity, we assume that the musicians are all playing at the same unitary amplitude, so that the state of each musician can be described just by a phasor e iθ i (t) .
The collective performance in one concert hall, namely, the synchronization of its network, is characterized here by the complex order parameter r Θ (t)e iΨ (t) = 1 n ∑ n j e iθ j (t) , where the sum goes over all musicians, Ψ (t) is the average phase, and the amplitude 0 ≤ |r Θ (t)| ≤ 1 measures the global coherence, i.e., how synchronized the musicians are. If r Θ (t) = 1 all musicians play the same note at the same time, while low values of r Θ imply that a significant fraction of musicians are out of phase.
We introduce now a second population Γ , also of n oscillators, representing the second concert hall. Within this network, musicians are coupled in the same way. Each j ∈ Γ is coupled with the corresponding partner i ∈ Θ , forming the internetwork couplings. In analogy to oscillators in Θ , the motion of each oscillator is described by a phasor e iγ j (t) , of phase γ j (t). The inter-network coupling is subjected to a time delay τ, corresponding to the time required for information to travel between concert halls [29] . Previous studies introduced time delay among oscillators of the same population [36, 11] . Here we consider the competition between an instantaneous intra-network and a delayed inter-network coupling. In a nutshell, the performance of each musician is described by,
where the superscript t − τ indicates the instant when the phases are calculated, and σ EX and σ IN are the inter and intra-network couplings, respectively. In music, frequency is typically related with the note. However, here we assume that the properties of the note are not relevant. Instead, the usual natural frequency of the Kuramoto model (ω) corresponds to the tempo and, therefore, frequency and tempo will be used as synonymous.
For two interconnected networks of oscillators with time delay, a weak intranetwork coupling, and random initial distribution of phases, two frequency communities emerge within the same network, each synchronized with its mirror in a breathing mode, as shown in Fig. 1(b) in which the position of each empty circle represents its phase. A frequency lock occurs within communities, which move in a cohesive fashion on the complex plane. Interestingly, pairs of nodes that are part of different networks oscillate with the same frequency but might be either in phase or anti-phase (phase shift of π). Consequently, the presence of these two frequency communities affects the measurement of the new global oscillatory state, called breathing synchronization [21] . Figure 1(a) shows the time evolution of the order parameters r Θ and r Γ for each population, quantifying this breathing behavior. For each curve, the maximum corresponds to the instant at which both groups of frequencies are in phase, while the minimum corresponds to an anti-phase between groups in the same network. Additionally, since for one frequency there is a phase shift of π between inter-network pairs of nodes, the minimum in one network corresponds, necessarily, to the maximum in the other. In the context of the orchestra this implies that the communication lag in the interaction between concert halls generates a tendency to split musicians in each sub-orchestra into two groups playing at different tempi, hindering harmony. Moreover, cohesion within each community affects the amplitude of the breathing: the weaker the intra-network coupling, the smaller is this amplitude and more cacophony is present.
The observed breathing behavior is in deep contrast with what is expected for an isolated network (σ EX = 0). For isolated networks, the classical Kuramoto model is recovered, with frequency and phase synchronization emerging at a critical coupling σ IN = σ * IN . Above this threshold, a macroscopic fraction of oscillators synchronizes with the same frequency and since here we consider the same natural frequency for all oscillators (ω i ≡ ω 0 ), σ * IN → 0. The group of synchronized oscillators has frequency ω = ω 0 and the order parameter r Θ (t) (or r Γ (t)) saturates in time at a non-zero steady-state value, which is a monotonically increasing function of (σ IN − Supernode Fig. 2 Parameter space of two coupling strengths σ ex and σ in showing that the prevalence of one frequency over the other changes according to the coupling strengths. The color of each area represents the number of stable frequencies: blue for one frequency, red for two. The inset exhibits the phase boundaries for different time delays. The dominant mechanisms of each region are labeled accordingly: breathing, (classical) kuramoto, competing, and supernode states. σ * IN ) [17] . It is worth noticing that in the case of coupled networks, and for sufficient inter-network couplings, none of the two frequencies is ω 0 .
Breathing synchronization is a direct consequence of the analytical solution obtained by Schuster and Wagner [29] . Depending on the initial phase difference between oscillators, the pair can synchronize with different frequencies ω, which are solutions of,
Notwithstanding of oscillating with the same frequency in the stationary state, the two oscillators might either be in phase, if cos(ωτ) > 0, or anti-phase. On interconnected networks, in the limit σ IN = 0, the stationary state incorporates all conceivable solutions of Eq. 2. Surprisingly, our results with a weak coupling uncover two frequency groups with phase locking. In any case, the observed frequencies are consistent with the solution of Eq. 2.
To summarize the impact of several combinations of parameters, we plot in Fig. 2 the phase diagram in the space of the two coupling strengths (σ IN and σ EX ). To recognize each regime, we compute the amount of oscillators with consistent steady frequency below and above the mean value of possible frequencies averaged over different samples. The color map of the main plot of Fig. 2 shows the ratio of these quantities. While the blue area represents the combinations of σ IN and σ EX that lead to a single frequency, the shades in red represent the two regions where two frequencies can be accomplished. Notice however that the two synchronization regimes in red differ in their underlying features. The one in the left (lower σ IN ) is portrayed by the breathing behavior due to the presence of two frequency groups within each network. By contrast, in the supernode regime all nodes within a network are in phase locking, with the same frequency and, in this way, the order parameter is steady in time at this state. In the inset, we show the phase boundaries for distinctive time delays from which one can similarly see that the transition between regimes changes considerably.
The presence of a time delay between two coupled networks of oscillators represents one more test to the worldwide control of an orchestra, or any other global system. We have shown that the interchange between coupling and delay leads to states of either one unique or two conceivable synchronized frequencies. We have discovered that, even with a weak intra-network coupling, oscillators inside the same network split into two frequency groups, each group mirroring the other in the opposite network by oscillating at the same frequency. However, contingent upon their frequency, a group can be either in phase or anti-phase with its mirror in the other network, resulting in breathing synchronization. Additionally, we show that an arbitrary increment of the intra-network coupling is not an option to achieve phase and frequency synchronization regardless of its starting conditions. In a certain region of the parameter space, the intra-network coupling promotes the formation of two supernodes (one for every network), and two frequencies become stable.
It is safe to say that we are some years away of having a working setup of an intercontinental orchestra. In addition to all the technical challenges, our study shows that the very nature of a time-delayed system imposes a threat to the synchronization of the musicians. It would be rather interesting in fact to observe oscillations with two different frequencies within the musicians on the same continent due to the communication lag with the other region, resulting in a breathing synchronization cacophony.
